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FCREWARD

In the development of training equipment designed to gupport the
training requir ments of the Apollo program, & stuly of the various
spacecra® flight problems has beon made. These stuiies involve
the comrlets lunar mission and inclwio lunar environment as well as -

mideourse and earth environment gtudies,

Through the use of ordipary dynamics and mathematlical techniques,

an affort has been made to describe the £light of the Apolio vehicle
from launch to lunar orbit and return. This description is interded

to provide a criteria for analog and digital computler design.

LR ey

The desorivtions included utilige standard aimulation expressions

for flying vehicles. Much of the data bhas btzen derlvedefrom
formerly proven tachnigques in mathematical description, which have
been used for computer design criteria. Other data included has
been obtained from NAA preliminary Apollo vehicle analog and digital

computer studies.

It is assumed that Ephemeris data is available to establish stellar

lozstions and Farth-Moon and Earth-Sun vectors for boih dvnamic
and wisual considerations. Consequently; no tables of data are

prasentad,

Part One includea the math models describing the complete mission -

-t - e )
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and Part Twuo will pressnt, in & subssqunt issuc, the Computer

Meckanization Equations for these models,

Subsequently, parts of th!s report wiil be reviged and used o
eastabllish Matiematical Models for various chasps ot the Apoito

Miygion roquired by tre Part Task Tralners,

STL Bu=- 1 ¥
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flight. No aerodynamic termg ere included and the moon is not

conaidered m triaxial ellipsoid, but apherical for simulation purposes,

Similarlv, the Midcourse Model sums Model 11 of E«rth and Lunar
Environment with serodynamic and oblateness terma eliminated, Bphemeris

date ecan be included for coaplete descrivtion.

The Laurch Escare Prorulsion Synten Hodel formulates the propal=ion
and torouss that are adied to the equ-trons of motion to produce the
abort traiectories of the’vehicle. This is true for ary time durine

“lsunch until the system is jattiaohéd,

%

The Rendezvous Model Tormulates the ronuired traiectorier for
rendezvous in hoth orbital transfer and homtng phanes. Ceuplete
capabxlltv ia nruv1ded for in the Barth Environment while qrl. emergency
noming capability in nrnv»dsd for in the lLurar Environmert. Woming is
describad as steering the Ferrvy Vehicle to a dockire poaition using

either telemetry or visual reference techincues.

™he Functioral Block Diagram irte-rates all models into one coherent

quetem whict includes all flight phases and controls (syntem vnrizbles).

The ecu tions of motion xoverning the Apollo a~acecraft traiectory
have been de-~cribed methematically, in all modes of the minsion y, alone
with the vi~ual cues rejuired at every point and are intecrated as one

com lete sve tem,

310 611139
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SUMKARY

Six Mrtrematical Models have been formulated which describee tre
Apcilo Mission Simulator recuirements. They ran he considered as
Earth and Lunsrr Brvironrents in general, with lLaunch hacape, Fidcourse,

kendezvour, anc Visual Modelrn included.

Tw> modéls for the Earth Environment has been ectablished which

rakes usé of aphericzl coordinater referred to the earth'asa center.
For each model, thecoordfnntes 15ed in the translat on equ.tions do not
depend upon the vehicle's ancular crientation. Hence, the comronerts of
the vericle's velocity iﬁ these coordinate systems cannot charge value

, rapidly unlers the velocity vector of the vehicle»changen ragni tuge or
direction ravidiv. This along wifh_plncinz the Buler Pran~formstion
"gimbal lock™ in thq roll axes instead of the :itch nves imrroves coaputer
dvnamic characteris%ics. The 1étter allowy tumhlin, of the Anollo vehicle
in the pitch plane which will ;rovide s better overall simulation of
vehicle flisht. Both models are suituble for digital and hvbrid analog -
digital com:rutatior, HModel I ia;preferred, mainly because the mathematical
expreasions are less comdex, However, Fodel I nossesses an indeteruinate
~oint which arrises when simulstion requires « "flight" over’ a pole,
rrerefore, Nodel 11 should be used if a polar or near polar flivht is

anticiprted,

The model for the Lunsr Ernvironmeat is vpresented which is smilir

+o “adel I1 of the Barth Environment an” conteing USﬁar flight

-

~epabilities whichk io considered essentinl lor emergency rendezvous

- v - ~QONFHDENTIT”
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SCOPE:

This document defines and establishes the mathematical models
reouired for the design of the Apollo Mission Simulator. The comviete
lunar siseion ig described in terms of the various encountered

environpents.

An overall functional wodel 1s established in terms of operational
equipment. Computer equipment interface requirements are identified

providing a ériteria for analog and digital sy~tems design.

- - SO
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LIST OF 3YFBOLS

) a Semi~major axis (feet or miles) (rendezvous)
a Accelerstion wector of vehicle relative to B.rth Inertisl axes.
EL Accelerztion vector of venicle relative to luner Inertial sxes.
A Binormel velocity component (Pr/sEc) ferrv vehicle ’
B Binarmal velocitv compouent (FT/SEC) tarset vehicle
C Circumferential velocity comnonent ( /5%C)
C1 Any poirt or XB

C.G Center of gravity

C.G." Certer of eravity after fuel burnout

o, Command Module
, C,M Radius of curvature of C.K. cone in existine plane
C..L. Celestial srhere
d, Distance from astronaut's eye to center of window
51 With arprorriote subseripts, center line of eight vectors
e Eccentricity '
31 , iptrongut's right eye
E2 Aetronaut's left eye
f ,araseter describing Barth cblateness

£(FB)  Funotion of total fuel burned

£ True anonaly 68-w (radiena) (rendezvous) )

P Aserodynamic forre vector

P #ith aprrooriate subscrints, éoupnnenta of ¥ referred to selected axis
F Pield of view {vindtows)

\ - , . Vs
i F ,F ,F Thyust or rerturbat:on accelerations (homing) (#T/SECT)

-3 F
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4 Gravitational force vector of vehicle
e Gravational acceleretion at Zarths surface
8 Gravetional acceleration at moon's surface
h Altitude above Burth's surfare .
hL Altitude nbove moon's surface
. Argular momentus per unit mass (#T/SEC) (Rendezvous)
r Control foree vector
H witrn apprOpriaté subscripts, componeria of T referred to selectea nyin

! velocity thrust coefficient {roming)
i Irclination (rendezvous)
i,}.k, Unit vectors along the X,Y,7, axes resrectivel;; with avproprinte

3 pubscripts, unit vectors along axes in other seta

I, dp v k?. Uhit vectors ir e cirecumferenticl, binormal rudizl systenm
(rendesvous. )

I " Total impulse function (FT/SEC) (remdervour;

I, In~ulse st departure voint (FT/SEC) (rendezvous);

I, Imoulee nt arrival point {PT/SREC] (rendezvour)

Iige Ly IZZ’ Homents of Inertia of vehicle about the Xp. 1. ég o000

raspactively

IXZ Product of inertia of vehicle about XB and ZB axis

J With anprovrinte subacrints, comporents of control mouent

X Eart: gruvity comstant

KL Lunar irevity comstant

L Proportional thruat coefficient {rendezvous)

- BN
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L Lead thrust coefficient {rendezvous)

L,M,¥ Compopents of the serodynamic moment, referred to the XB YB B axis

reapectively
LR Launch esceps-systsm
n VYehicle meas
M Median to window
n Rate of change of mean enomaly (average angular velocity-radians/SEC)
N | Kormal to window
p Semz—lntus rectum (feet or mles) (ferrv vehicle transfer sllipse)
P, Seml-latus rectun {feet or miles) (ferrv vehicle elliptical trajectary)
?5 Somi-latus rectum {fect or mles) (tarcet vehicla elliptical trniectorv)
P Propulsive force vector
ﬁLES Laurch escape syatem propulaion vector
PLES With appro:rriate subscfipts. comronents of FLES referred tc selected axis
PSFE Solid fuel wmoator vropulsion

P,%,R  Componesnt: of angular velocity of vehicle relative to inertial axes,

referred to the body axis

T Radius vector from earth center to vericle centroid

r Length of T -
r with eprroyriate subscripts, reaction control radius

;L Radius vector from lunar center to vehicle centroid

r Length of EL

r, Radius from Berth center te ferry veh: le cenirnid

T, ' iedius from Earth center to target vheicle centroid

-5 - TN
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T Redius of window
br Difference betwern appronriate r and km
R R-dial velocity component (FT/SEC) (rendeavous)
Ro Earth's redius in the equetorial plane (feot) '
R Moon's radius in the equatorial piane (feet)
Ry Barth's radius at s local point on the inrthn's surface (feet)

REL Mocr's radius at a local point on the moon's surface (f. et)

R? Arithmetic mean of the E&rth's‘radiﬁa at pole and esuetor (feet)

Ryp Arithretic mean of the moon's radius at nole and equator (feet)

RXSFF li~dius along the X-axis from solid fuel motor to center of gravity line
s Laplace transform {reguency variable (rennezﬁous)

Q/C  Spacecraft

SK Service module
SL Space laborstiory
t Time
T With appropricte gubscrijis, componerts of nromleive moment
TLE& With appropriate subscripts, torsue abont coordin:ie ares (L.3)
7 Velocity vector of vehicle relative to incrtial axes
Va Velocity vector of vehicle relstive to the air
Va ’Hith appropriate subscripts, components of Va referred to selected axis
Va ¥agnitude of ;a
fé Ve]ocity vector of vehicle rel-tive t» the KE YH’ ZE frue
VL Yelocity vector of vehicle rel: tive t~ tne XL' YL’tL’ frace
. ?.d Wind velocity vector rel tive the Xo, Y., gr frare

-6 - ~CONERITE
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Vh. with approrriate subscrints, comnonents of V.a, referred to selected axis
w Command module window
£ Y, Inertial axis. With appropriate subscripts, other aris systems

x, 'Yy 2 Rendezvous axes system

X(.},Y(8), 2(5) Laplace transform coordinate axis

& Angle of attack

A, Argle between t;‘ansfer orbit -lanre énd 1nit.;al or}bit planc (radians)
“, irgle between transfer orbit pl,a.f;e and terninal orbit vlare (radiane)
"418 Angle of rotation of s&t&nt abhyut the ':;B aris

c\’.‘, Angle of rotaﬁon bf scannire teleacope F:L:O'J the :B axis

A, 7. Anglem of rofatisn of windov about the L‘B axis
p agle ;uf #ideslip

? e dnyle of Tortation of sertant mbout the Y, exis

- 7- SCONHBENINE
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g 17T le of rotation of scanmming teleacoue about the YB axis
B Iw'fﬁw Angles of totation of window about the YB axis
?, 6,¥ Buler anxleé establishing vehicle roll, vitch, and yaw orientation,
respectively, in earth environment; with npprooriate subscripts,
visusl instrument orientation.
QL' BL' 1L ‘Buler angles establishing vehicle rnll, piteh and yav orientation
reapectively, im lunar environment.

P, ingle from reference axis to postition in initial orbit (radius)

v, Ansle frgm reference axis to nosition in terminal orbit (radius)

91 Ferry vehicle polar angle B

92 Tar<et vericle polar angle. -

93 An2le {rom ascending nodé‘to vosition in transfer orbit (rediua)

af 92 -,91 (radius)

N Anrle esteblisting inttial direction of norinal trajectory (Eartn)

kF . Angle estublishing local direction of nominal trajectory (Eurth)

AL Angle eatnblishing initial direction of nomimal trsjectory (Lunar)

XFL ' Angle estsblishing loeal direction of normina’ trajectory (Tunar)

B Univaréal sravity conatant

D Geocentric latitude of vehicle

@i Geoceniric latitude of lbunch‘point

@F Spherical angular\coordinate of vehicle measured normal to nominai earth
tratectory plane

¢FL - Soherical angular ooqrdinafo of vehicle measured normal to nominal moor
tratectory :lane

Qo Selenocentric latitude of lsunch point

- e
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Selenocentric latitude of vehicle

SQSPACE nngd INPORMATION SY SPRAMS DIV ESTON

Geocentric longitudc of vehicle meagured from launch point

Spherical angular coordinate of vehicle meapured in nominal earth

trajectory plahe

Sprerical angulur coordinate of vehicle measured in nominal meon

trujectory plane

Selenocentric longitude of vehicle measured from launch point

Aryurent of perigee, angle from reference axis to rerigee wnoint (Radians)

Argulsr
Anpular
Anguler
frame

Angular
frame

Argular
Angalar
frame

Anglar

frane

Angular

frame

Anpular

frame

velocity vector
velcecity vector
velocitv vector

velocity vector

velocity vedtor

velocity vector
velocity vector
velocity vecter

velocity veotor

of vehicle relative

of velicle realtive

of Xg.

of X,

of xy.

of %,

of‘xL. Y

of XB,

of xv;

YE' ZE frane

Zp framne

YF' &P frame

ZG frame

2, frame

G -

to earth

to lunar

relative

rel:tive

relative

reletive

relative

relative

relative

inertial frame
inertisl f{rane

to earth inertial

to earth inertial

to XE' YS' bp frauge

to earth inertial

to lunar inertial

to lunsr inertial

to earth inertisl

“DONEDSNNE
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© Vi Angular velocity joctor of Xppo Yype Zy,, frame relative to lunar
inertial freme

QE Earth's rotutional velocity

'L lansr rotatioval velocity

61 Angle between the normal and median to the C.K. window

Y Anéle behmen the element of the come of C.M. body and Yw, or one nalf
the vertex angle of C.M. cone

€ Ancle betwsen 21 M and CZ1 M

}
SUBSCRIETS
g Body azes in esrth environment

‘%, Hody axes in lunar environment

c Comennd Module

Cc3 Command Module and service module

[ Earth rotatineg axes

F Eorth = Vehicle geocentric axes referred to nominal traiectorvy plane

FL Lunar = Vehicle nrbit nlane selenncentric axes '

‘G Barth - Vehicle geocentric axes referred to eru torial plane

L Lunar rmtating 2xes

! LM Lunar « cursion module

_10 - NSNS
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LES Launch escape system
] Sextant
35 Service ﬁodule and sbacc laboratnry
. T Scanning telescope
v Vehicle peocemtric axes !
VL Vehicle Qelenocantric axes
x,v,z Components alons body axes Xy YBT ZB réspectively ,

r®,® Components along X, Yor Zg (lgpar enjironmentl Xgr Ygr ZS) axes

regpectively

Ty ¢F‘ q? Gbmﬁoﬁanté along Xf. YF. 37 axea respectively

W Vehicle wind axes

w | Vehicle'windowé

1 Teansfer orbit at dnﬁaituxé point.
2 Transfer orbit at arrivel unint
11 Initial oroit at deperture point
22 Initial orbit et arrival point

NOTE:  When applied tc orbital elements (v,e,w18), subscript 1 refers to
the initiasl orbit and audbscript. 2 refers to the terminal orbit.

Crbital elements of. transfer orbit are denoted witnrut subscripts.

- - TonERI
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Section I: EARTH ENVIROWMENT

Axes and Coordinates (See FIdURE 1)
DiFRTIAL AXES (X,¥,%)

1.

gV

\
.

Origin at earth center.

Unit vectors (1,:,k).

Z - axia coincident with earth polar axis, positive North.

X - Z plane contains initial position of vehicle.

mmi&,.x,._z:,)

Origin at esrth center.

k).

) e
4,  Initial boaition coircident with inertisl =axes,

- VEHICLE ORBIT VLuME GEOCR) 5 (X Ypale) -
EARTH - VEHICLE ¥ ENTRIC AXES (Xo,Y 2.)
1. Origin at earth center.

2. XF - axis passea through vehicle centroid.

. KF - YF plane is nominzal traiectory plane,

4, YF voints egeentially in direction of flight,

5 ZP points left when locking in direction of flisht.
- :, N .
6., Unit vectors (lF' I kF).

EARTH - VEHICLE GEOCENTRIC AXSS (

1.

2e

Origin at earth center.

X, - axis passes throurh vehicle centroid.

G

31D 62-1139

4, =~ axis coinciﬁant with earth polar axis, pesitive lcrth.

1
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NOTE S WIND AXES, (%w, Y, Zp), NOT SHOWN.

——

EARTH ENVIRONMENT
" FIGURE 1 «
POy

SID 62-119
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3. Xg-ig plane contaime earih volor axis.
4.  Yg-hxis lies in the squatorial plane,
5. 2g-Axis is positive Warth of equatorial plane.

C. Unit vectors (ig, Jg» kg»)-

VEHICLE BODT AXES (Xp, Y.B.”":m).

1, Origin at venicle centroid.
2. IB 'ZB plane coincident with plane of syqroertry of vehicle,
3. Iy axis,pﬂaiiivg downward, normal to Xy aris.

4, Xp.axiz (nsitive forward.

5. Yy -exis pogitive xighf looking forwerd and normal to Xj.

A. TUnit vectors (iB. jB' kB).

; . VEHICLE WIND AXES (Y&jw, 25).
1, Origin at vehicle centroid.
2« X, - axis points in direction of vehicle velocity relative
to air.
7. 4y - etxis lies in plane of syuretry of vehicle.
4. Y. - sxir rositive right looking townru pocitive X, and
norxal to Xw.
£« Thege axes xre reacted from Xﬁ, Yg, OB sxes by rotetior.
a) Abgut Y4 ~axis through angle (-,

b) About Zg -axia through ansle (B /.

6. Unit vectors (iw, Jys kw).

VENICLE GECCHNTRIC AY3S (Xgo Yy, Zv)

? 1. Origin &t vehinle centraid,

- -SonnanmWe

SIL 62-1139



-
NDRTH AMERICAN AVIATION. INC. (/*\) SPACE and INFURMATION SYSTEMS DIV ESION

CONFIRNTwe-
)

/

X’V -gxis positive North.

Yy -axis positive East,

Zy-axis passes through eorth center.
Xy-Zy plane cortains earth polar axis,

Unit vectors (iy, Jv, ky).

- 15 -

CoNmaENTR=
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Irapsformation of Axeg
Tranaformation fror Inertial fo Barth axes

o

Tnertial axes: X,7.2
Barth sxens Xg, IE, g

Unit Veotorss (i, 3, k) And ig, Jg. kg)

i = 1 coef g t+d aing gt + k {o)

Nr——— o

Jo=-isinRp t + jcoskpgt+k (o)
k, - 1 (o) + 3 (o) + % (1)
i cos s"zE t sin fg t o
34« -sin Ci t cogé?a t ¢ 3

0 0 1 13
kE '

mﬁm
(1] FIGURE 2

- 16 - PONFDENINE
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~ Rotatio ‘ to Ea i entric axes
EZarth Rotating Axes B’ YS' .

Barth-vehicle geocentric azes { X., Ys. Z.).
Unit veetors: (13, jg. kx) And (iC' Jnr ﬁ ).

. v(iav cq;;? '+i& ﬁ?)c@ '-_r kE gin 9

Jg = -i, sinyps+ Ig cos @ + k&(}) A

kK = (..1 cosg ;Esmtp) aind + coafb

G
iG cos & O | sin ,“b -~ T ecos 3 sin® © ig
A 0 1 " » -ain @ cos - ° ‘jE
k 6 -sin® o k. ‘
\__/Y‘\/ W
(2]
FIGURE 3
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Rotation from Berth ~ Vehicle gpoceniric axes to vehicle geocentric axes
Borth - Vehicle geocentric axes (XG’ Y ZG)
Unit vectorss (1G. Jgr kG) and{i, Iy kv)
Xz, Flane contains Barth polar sxis
XV’ZV Plane contains>nngth polar axis
v ' ‘
o .
R .
£ Xv . _ sta

1500) + 3gfo) + k(1)

A
iy = 1§(?) + Jﬁ(i) + kg(o)
i, = i,(-1) + 3alo) + xG(O)
iv ‘o 0 1 iG
Jv o~ [ 1 . _0 ) jG
gv -1 o 5} k(.
BN PR ’
[4]
FIGURE 4

L]
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S0 62=1139



NORTH AMERICAN AVIATION, iNC. -¢h. KEACE and TNFORMATTON SYSH1AMS DIV STON

CONFIDanu—

)

Opientation of Veﬁ.cle m Axee Relotive to ﬂé Q_:! le gg_gmgng hxee
Vehicle body axes (XB Ypr “B)
Vehicle geocentric axes (J(v T, Zv)

(igs Jge ) @02 {1 3ys )

Urit vectora:

vo\l Q

Lﬂ{f!‘v‘ fs) CQB‘;

W‘

(7]

Joosb o =eind

-
1 o
to c95Q

(6] (s8]
FIGURE 5
- 19 -
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The orientution of vehicle body axes relative to the vehicle geocentric
axes, &8 shqwn ir. figure 5, is acoomplished in three steps us fclilows:

Step No,1: Rotation about the Zj,~axis through angle ¥ as shown in

" figure § &, where (B") denotes intermediate position of
: e Yoy 2o '
XB B" B ) /XBH
— § o/

/f
7~ g

Av]

-XV
FIGURE 5 &

LB" = iy coe? -+ Iy sin® 4+ k‘V(O)

g =iy siny + 'jv cos¥ + ;gv(O)

Yan _ 4 ; .
3" = age)  +gyle) +ie (1)

1y cos ¥ sirg\\b e iy

éB" - -3in ‘3’ : cos ? [o) “lv
k o o 1

, B m v

\ e L=,
- 20 - OONRDENT
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Step No. 2: Rotation about the XB,-axia through angle ¢ as shown in
figure 5 B, where (B') denotes intermediate position of Xj. Yg. “y.

XB”', xBl

¢

’\ YB“
\
! - B YB|

FIGUKE 5 B
iBn = {BH(T) + jpn(o) + kgn(o)
Jgr = ipa(0) ¥ iyacos 9+ kp,ain®
kgo = iB,,(oj - jB"sin'Fr kguCos®

N -

iB' 1 o L] 1}3”
Igrp= | @ cos @ f8in® jB"
kB' o -3in 9 cos® kB"

(6]

- 21 - “LONMDENTIRT
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Step Ro. %: Rotation about the YB— axis through ancle © as shown in
tigure 5 C.

Xg Xp
. /

FIGURE 5 C

ig = 1p.cos @ 4 jB,(o)y ~ ky, ®in @
Sp < 18.(0) + g {t) + kB,(o)

=ig,sin 8 - jB,(o) +.ky,c08 O

o

j’B cog © o ~-gin &

Jjpp = | ° 1 o

h% ain & o] cos &

v
L7]

- 22 - IR
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Orientation of Vehicle Body Relative to Wind Axes
Vehicle body axes ("E’ YB’ ZB).

Vehicle wind axes (Xw, Y\"' Zw).

Unit Vectora: (13, jB. kB,) and, (iH' .l'w, ku). Yg

iy = (i cose +k35m‘) cos + 3, 8in B

cosf -(1.Bc05f'-* + kq sin -} ®in P

k‘.q = -1E ain o -+ b:B COB <A
L coad sin3 o cosc O  sina
ﬁ.“, = |~-siry. cosp ¢ 1o ! 0
hw 0 o noh -3inx © cOa
(9] (3,
PIGURE 6

-~ 73 -
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Orientation of Orbit Plane Relative to Inertial Axes
Inertial axes (X,Y,2)

XF,, YF" ZF' - intermediate postition of XF' YF' ZF'
Unit Vectors: (i, j, k) and iper dpos kF')

Z z

61 - Geocentric latitude of launch point.

‘N~ Angle establishing initisl direction of nouwinal trajectory.

FIGURE T A

SIp 62-1139
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Barth-Vehicle orbit plane geocentric axes (x ' F’ Z )
XF" YF" g+ —-Intermideiate position of XP

Unit vectors: (330 Jp. ¥p) end (1,0, a7,

F

"l

Q P~ Spherical angular coordinate uf vehicle measured in nominal
trajectory plane, about Z - axes.

® . - Spherical angular coordirate of vehicle measured normal to nominal
trajectorv, about Y - axes.

FIGURE TB
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The orientation of orbit plane relative to inertial axes is gccomnliehed
in four stevs as shown in figure 7A and figure 7B and is as follows:
Step No. 1: HRotation about the Y - axis through angle Oi as shown in
figure 8y .

X

X FIGURE 54
(REPERENCE FIGURE 7A)
Comruting for ip,,, jF""’ k!“' we obtain the following:

i?,,, = {1 cos ’i + k sing i 11,,-,‘ coss@i 0 sind N i
anl = j = qum; bd o] 1 [+ 3
Ko 1{-sin ¢i) +k cos® K —8in®, o cos® . k

Step No, 2: Rotation about the XF,,,—o.xia through angle A&s shown in figure

88. ZF" - A \12#”

X,
\

& F ‘F'\ .

. X
——— —
-'”'F ' 7 Fon

’(F’:l A: Fu

LI €N FIGURE 8B
(REFEREXCE FIGURE 7A)

‘- HONEDENTNE
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Computing fox 11..,. JP"’ kF" we obtain the following!

™ = i§:" ' Lp, 1 ) 0

Jpn = Jpnt oo b gy, BN Spm o cos i sin\ 3

k‘F" = ‘quo sin) + kl“" cos \ k?,, 0 ~=sinA  cos
{1y
STEP NO, %: Rotation about the ZP" - axis throush sngle®

figure 8C,.

’ ZF!: E Fc
. K) .

boeo ke

Lgn
F"

M, Kpa

F as shown in

\('Fl
Y
Ye'
X¢
XFI
FIGURE €C
(REFERENCE FIGURE 78) -
Comruting for iF" "F" kP' we obtain the following: N
fl‘ = iii" cogp + N ¥ ig) cosP p Bin ’F o Lgw
j ] = x - = j 3 _n B
F JP,, coatpp 1!"' airﬂ P P! | ~d.n‘l!i:, cos QP‘ 0 Jgn
_yIl = w kP' o . vg‘“‘“\ 1 kpn
Ne T (12 ] e /

STEP KO. 41 Rotation about the Y, - axin thtoush angle@p

figure 3D.

own in

~SSNDs
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Xp
FLYF
XF o .
JEPERENGE FIGUXE TB)

Computing far Ly, jpe kp .We obtain the following:
| o ip cney by siney (i) fuesy o whey) (U

L el AT 704 K 1 o des

Ky :EE, o8 @p ~1y, 8ingy k? -sin®, o cos® p Ky

(13]
Finally by substitution in step ro. 1 through ster no. 4 we obtrir the
followipg results:

il"' =i 008 @1+ k ainﬁ

JFM = j X

i um———-t

kp"l = i(-sin @i) +k ;qi_g,i

STERE N0, 2
1F’"=icos¢.i+ksin¢l

¥
El

= j comy + [i(-sin@i) + K corg . Join

o ——— . S———

-3 ain A+ [i(—sinoi) + k cosQ i] con \

l

v

Cib 6011339
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STEP ¥O, 2 _ .
iy = (1 c0s® , + k ain ol)coa'! p* (3 cos A+ [i(‘-sinq)tk co@i] sink)a:‘u%

Ipo = (3 comy + [i(~sin$3:; k wfél]nin'k} cos® -(1 cos ¢ + k sing) sirf

ps = =0 #imy 4 1! -sm‘s)‘_*;“‘, cos® ] cos )

STRE NO. ¢4 v
Lp"’ [[(1 cos@ vk sxﬂ’ ) cocq + (3 cosh + B.(—ain@) + kcoe‘l’]smk)

sin 2]] coeol, +[{-asink +[1(-sin® ) + k cos® ] cosr]]sine p

3, = (chx * E-('-Biaﬁ )4 kcot@i] -8in 7\) cos® —(i eoao + Kk am@)
sin g E ' ’
k]' = (-jain )&' ﬂ (-a:m ¢I) + keos® ] coa&) cme@E

<[(t 20a®, + k 8in D ) ooe? + {jo0m\ + Ei(-sinO ) + kooe®

ain X) aini]} sin 01

- 2- —OONFDENTIT
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ﬁing OM 00&@‘ cosd P

-sin & giny sin Tp COBG p

-ain & cos » 8in op

~-sing 5 sin) cos Gm.

TCOS @ mwaew.

lmwu&,oon N oom,OW

. onoae i aooe.w m»:,.&w.

oooem. o uubo P
= ° 1 0
: Jﬂge.ﬁ [o] OObe F

— ) ST

THE

STEP 50, ©

CONVERSION OF STRF NCO, 4 INTO FATRIX FORM

+ 0 ainy sin g, sing .
M EM A ﬂ%u Oﬁ.

g, singy of
{~gin L Ooam_m. o}

¢}

aouru..g,foonew

-=in ) siny P

‘eor ) cosy

~ain r con g ,m..

“a0s ) eing p 5in gy

-

1

3 o.,

& Cus A

o ~sipy cosy

b

1

8in ew cos @w oomem.

+ cos e» sin) ,ﬁ.seu cos Ow

+ cos & cos Asingg

i

cos ¢ i siny coap P

-Bin @, siny

.nome» co8 )\ coS Qo

-3in N cos &u mgm ¥

~co8 ¢, sin Vmgem.uwuemL

o eomeuM >

sin )| 1 0 1 o
lmHuOM TS}

8sing N

£

- 30 -
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The Orientation of the X‘F" Yl" ZF axes Relative to the BEurth Rotnting
axes Xp Yoo 2y 50 optained as follovs:

Prom figure 2 we h,ﬁve the x‘lga.trix form

iE cos 2 Et , sinQEt ) . * 0 {1

JE - -3inQ Et c‘oaQEt\ ol 3

kE d a ' o | 1J k
’l‘ranspoétition of this matrix, as shown in figure 7, results in the matrix
forn .

i ‘ ~3inQ gt _ o ig

I E conQ gt ° g

k o ! ko

-YE

— gt —— XEg
FPIGURE 7
i == 1, cos Qﬁf ?E:smﬂit + k&(‘o)
4 i77‘i ain Qit +ig c?aQEt + &(o)
ko xe= iE(.oA} _-1,'}3(0) + kE(l)

Now performing matrix wultiplication of step no. 5 matrix with the
 trensfuormation matrix of figure % obtzired above we obtain the finsi

! resultant metrix:

- - QONFIDENFI—
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Venicle Body Axég__l}_glatiw"!g_&g_koceg&zi‘c Axes
'The orientation of the vehicle body axes, X Y, 2 Telative to the

new geocentric axes !3 detormined by means of Euler Angles¥, ¢, @
similar to those used previocusly, exceprt that ithey are now referred to

the new peocentric axes, Thus, since X_, Y , 2 axes to X, Y , &
£ < T | SR vyt

axes has the same resuvlt as XG,, y" 2(} axes to ;XV’ Yv» ZV axes from
F!rure 4 and Fipure 5 we obtain: . ‘ ‘

ia co 8 C -zinB] [1 o 0 ecod i o]l fo o 1 ;F
JB =10 1 0 O cos® singf -gin® cos® 0| 10 1 0 JF
kB) sia8 0 038 {O -mineg cos® ! G 0 1 -1 0 n kF

(7} . Le] (5] (a)

Datcrmination Of Geocertric Latlitude And Longitude

Ir. tne course.of the analysis !t wiil be desirable to determirne the
geocertric latituce @ and locgitude ¥, A relationskip tetween ¥ und ®
on the one hand snd ©  and® on the other is thus requireds Au proceed
' F F
te establlish suech a rslationship by writing the tranafcermation,

1. ‘ . : i

F A G
J T ’ - P i
P(- 03 02 mIgad ol & o ] e
kr) o e
Since 1 = { , we may write

¥ G
1 !

of - p3 b3 B0 Ga W @ of {0

- 133 - <GONSDENTT
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Or . 1 1
/ / / E ) U4 ) /- V4 L4 M
b B @ o}- B BY B bY (o
‘ 0 ‘ 0
Whick yields the following relations:
1) e P+ Q ‘t o = 05 ® o
{ cos ( e Yeos cos ?i cos @ cos %
-aln @i glnk sf:r:i’r cos ®L—sin 0; c:zsk sin @E
2 i * = tn® 03 @ -3 0 ER
(o) sm(’l‘{Q}n Jeos @ co*f‘):satcps . ain\ s')¢F
{3) iin @ = §13,¢L cos Q_E‘ cos OI + cna'Oi sinkh  &la Q,!:‘ cos o.f.
| + cos 61 ecosh sin ¢F‘

f

From which the cnordinaies P and® may be detsrmined,

-3 - ~OONEDENSE
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Model One
Model One is that model which shows the relationship of rotation
velween the following axest

Inertial (X,Y,2Y, Barth (Xg, Yn, 2g), Barth-vehicle peocentric (X, Yg,

2.3, veniele body (Xg, Yg, 2g) Vehicle geocentrie (X., Yo, ZV). aic

ve'r nle-wind 1Xw, Yw,‘zw),

Note: Model One does not Incluce & polar orbit.

.ygffgrggﬁipé;§g§ntiqns Eg;‘tﬁlcr Angles Of Model One
A aet of differnetial ééuatibns governing Lne euler angies,
8 %, %, is now fofmulaped.
The angular velocity, wé; of the thicls resative Lo the inertial
‘} nxer may be writien ap {ollowat
Gy = » 1p + Q5 ¢ Rk (13
Werre 0, G rrd R are the cw;zar:ehts about Lne XE“ Yoo, iy axes respectively.

Tnie cyuation may be writter in the matrix Uorm:
\l
%) = Q}

B 24

Tn which whe olements are components of thi vector and the subserint
oubaide the bracket ldentifies the axes system with regject to whieh
these compbnents are laken, We now proceec to ralate these componeanis
to the suler angles, 8, ®, %, the geocentric coordinates ® and @
att thvir derivatives, In doing this we et up an alternative

13

renrecer tative for '\;,; .

-3 - T TONSRENTS
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We Tirst write, in matrix form, the angular velocity, ;E’ of the

Earth rotaling axes, XE’ YE, ZE, relative tc Lhe irertial uxes, but

resolved abouth the Earth reatating axes. Thus:

- o o
HE = ﬁ] 0} = °
. Q2 Q .
B E (3}

The anrgular velocity of the Earth—vehinie geocertiric axes, X , Y ,

4 (

‘

2, pelative to the lnertial axea, but resclved about Earth-vehicle
13 - ) )

-

gaecentric axes ls:

. o ' 0
{%} =) o e (@)
G ,

+B ) 0
E :
The angular velocily of the vehicle geocentric axes, Xv, !v‘ ZV’
relative to the imertial axes, but recolved about the weblicle geozerntric

axes la:
-

{;&'}V S {;G} = [4]1 [3] { e | +{a] .:@ {5)
e g + @ °

Firaiiyv, the angular velocity of the vehicle hixly axes, X

s Y_ y 4y,
I o

FA

relative to the inertial axes, but resolved atouln the wvehicle Loay axes

iss

)
S0 ronren rer (=) oy i
Bj, 07361 051 (R 07 (61 1) IO
o) P % N r/

. Cl\‘

+ (7340

0

- % -  ONFDENI-
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Or: [0 . a
{} M BEL E {0 (BB B W-é
/B : , P

0

. 0 ?\F
s ® Jol s @l ol + 8 : ' (6)
0 s}
$

By equaling and reducing cquations (2) and (&) we haves

P o : 0
-0 B OB W Bide el B OB R {eé
F Q + g O
. g
cos® O ~8in 6 ' eos QW *
0 v aing | 4 (7!
sin 8 0 cos 8 cos ¥ Y/
{ir:
‘_ . et
A, ® cos 8 0 +»sin® eos ¢ P 0
6y =t0 1 sing op Ll el (edfz o
‘é airp O cos cos @ © R Q W

A

L7 (6] [9) LA 45Y . | ()
'
Performing the 'inn’icétqd mat.r}xltm'erslm') and matrix multiplications,
und reducing, we “inally obtain in seslar t‘of%r; the equations:

® =P 5.r6 tang + y ~R cos@ Tang +0 cosy  secy (@ +®) cos®

e

gind sec® ’ : (1)

Sve SONTOENT
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= Fcosd + R sing +o sin® —(QE s ¥) coc® cosp {18

% . -P 8100 secy * R cos® mece =& cos § Taup

- n . :9 e [ h : ‘I <
( B'v ) cos® sing Tang + (QE +9 ) aing (11

Trarglational Bcuetions of Motion
Let the radius vector from the Farih's certer to ths vehicle centrold

te ®. Thar the velocity vecyor relatlve to the inertial axep.is given

I
C e

by: e
c . dF T *ﬁc. xr (17
et ('ET’ O '

‘w‘he;ﬁ (C‘ ) denctes & partial divfepentiatior in whieh 1, j(,, k
':t i} ¥ 5

are heid fixed, with r = ¢ i, . Where r = {F| (13
. \x )

From Rjuation (4):
*’ = AQ FV - R TR q'nh (g *t P ocoadk (1.}
d i G L o .

Fauotion {12 bacomea:

—
—b
(]

N ool o+ p{Q *®)cosp +troex
4 E G {

The accsleration vector reiative Lo the inertiail axer may rnow be writter
a5 Tollows:

T - av_ - 8y v eox v
dat at /o G
' P

AR SR h o+ ) cos @ J1
A [rF-r o +la. *9 JC

1

[@"{ QF '473 * TEP} cos o ~77 o( QF . ‘?) sin @J .‘ﬁ

[ro+2ro+ of Q.p @ 7 4in @ cos b Jk(, f16)

&+

-8 - NG
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The gravity accelerstion‘vpctor,‘including the effect of Earth
oblateness is written as follows:

E - [-x, RIS pﬁﬁ (2-3@0320 ] ot [~12p KR sind coso ] k. (17)
. O

4

T'“ . . . r‘/‘

-

.
[

N*arf G {g the gmvity !’ome vact,ar, n is the vemr‘“* m\::, Ro is the
radiug of the Eart at the equstor (Ro 20,92 6.“,.>faet§, and K and K
ar-: gravity CDﬂ&L“ntr vith th» fellpwing valies:
K o= 0,14 077500x10t7 y¢3 sag ‘;(i ‘

, qp» 1. 63Rx10" d*: o f;;i,:" .

PN
Z.w
i

he asrodynamiz oranlskge and control forOen are firsi computsd

l

wbtn xafornnce to vshicle‘ﬁndy axes, and a Lrnnarwrmat*on to Earth -

j e cle gpocuwirir nxea xs t&pn eftected.

The aorauyﬁumkc foﬁhﬁ(vantbrfls wr tfen as follows:

- ¥ | (18)
F s 4 1 ¢ K -
s ln F?‘G, Fox”
he propuisive force vector in:
p }\ iy > !J H 4 P 'l(,_ (1?)
X D Y B PN
=P i '+ i+ 7
- J.G Pq, ‘}G Po k‘{_‘.
And the ezntrol foree vactor is:
Py gy kg w0
= 3 [
rou ' j(} ¢ KB

- 29 =
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Swaming corresponding components frum eguations (12;, (19), aci (201,
Tra follawing matrix equation representa the transfurmation from Lody

axea L7 Earth geoesertiric axes

F”P * : Fx v P

‘i s s b
Fo + = (4] (5] (6) 7] ¢Fy o« oy ® (1)
F(b s | Fé +v.‘ Fz 4

Whera the prime denotos matrix tréncoos.tion. Upan muitiplication,
Lhe transforaation matrix ‘bagomes:
Y , , : ' :
eleleio- . (22)

¢in® .cosp o =sing -cns@ cuse

sit®  coz® v cowd 6',"‘9 ting t:és'zp eosp mind sic® —2os¥ podsing
) comp 05 :; sin¢ aing 8“ -5i0Y% cose 208y slna *s.’tn\’ cosfsing
| The oorreapmding tx-an ,f‘om'lt?m nmtrlx 'a the case of ::m«:mtioml
euler angles 15 obtametl by Ent.rzr"na(.mw mat rmes[f'*] amj[’?] 1n equatio
N |
Coomm it apr:li.eif, gravi tf and i.ﬁert,i_u force com orents in the nirention
nf venlele-grocentric axes, we have the I‘Q;.‘;uing three treaasiatioral

eqaations of motion ia terms of the e¢nortinates r, 7, and P

r -—f@"—’* Q49 \wzcorz?‘:‘} = =K+ BEKRT (P=3enc0 ) 1 (F_ap + U0
: B -7 v ‘ T

Te PR M r
r“
r ¥t or (o ) cosp -r O Q¢ ) sint =1 {Fy + Py + Hg i (i)
A . 0 1B ¥E
r @+2r O+ Q 4+ q’) £4q® cogd . - 9 sind con® ¢+ l—_ (F’r+ % + :{‘b} (o€
E M
r‘~l .

- 10 - AONFRENTIT
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Given tre shape of the oblale Egrth, approximately as rollows:
R =R (i-f sin%p ) . (26}
Wiere R ts the niatance from the Earth'z ~enter to a socal point on
‘the Earta's surfice, and ! = 0,0033670034
The altitude p can be det"mined frem tne relation,
ho= r-R (M‘sm ¢) ' (27)
'It ean be secn‘frnm equation {24) that ¥ aad tty derfvatives are

indeterminate at@' 90°, thus precludinp' .,h' use of the grwwm&

eoua"ons for simqlatxan of Illght over.a pole.

Hotatinnal Eqpat;oaa Df Motion

”he rotational pquations o“ mat‘on developed on tha basis of momen’

cqnilibrium about,&he bo@y@g;es are theﬁaamﬁ a3 Ahose familiar ir

: 'nircm‘.'"t ﬁﬂa]ﬁib.f For a“;{gxﬁﬂéle with the ) AI‘ vlane a plane of

symmetry, Lhe? srq*

T ,[p rXi"(Iyy = Izz} ELIER SR P?ﬂ e Ty tdy = C {ra;
[-éryy gy ) m’-" LealR= - P/))] tM Ty v Jdy = 0 (o)
. | . o "
[Rl‘az ”'l\}xx - Iyy) P “'Ixzfp —QR)] + N+ '{“” + Jz =z 0 Sy

Where Ixxi Iyys» Tz2s Iy, 8re momerta and products of inertia referred
to the body axes; T, M, dnd N Are componects of the aerodyramic momert:
Tys Ty, @nd T, 8re componentﬁ of the propulsive moment; and .y, Jy, and

Jy are comnanentq oa the conural noment, alii referrvd to the Xy, Y , and

45 axes reepectlvsiy‘

Angle of Attack and Angle of Sidesip

14 .. . * ) » % :
Wilh appropriate modifieation of equation (15}, the valacity of the

-4 - TN
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vehicle relative to the Farth rotating axers, XF' L ZE, becomea:
V. =ri. +r %cos @).+r Ok
E ]

£ 4 G | (32

f we now allow a wind velogity given ty

R}
w

SV, L i Vo K. (32

The veincity of the welicle relative to the air becomes

o - . ‘ - v 13
Va = Va ;1(} + Vog j»’} ‘* vag 'kf‘. (32)
S Where Va r = -‘VV? . _->" SRS

Vad v @ cos g =g

Vg = r @ ~Vup

-

And the masnitude of this velaclty ta:

: >~ iy Y T : '
’ 47 2 ’ o L \
=z . L . {
. \}Var PRy Wy L 34

4 trangfomation Lo !Sfadyma aay be cffected ar follows:

¢

] { s1.041 (3¢

NScting that

Va ¢ Va i f o | .
o |

A transformation Prom wind axes to body sxis is glven by:

\a‘fax COR oS K

.,’ 1’ ] .
va, - B [ = Va stn P {37)
Va . air coz

bqueting th righl nard sices of ccudl' ons (20 ard (7)) we nave:

—

- TSI
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cos™ cosB Var/\la
sin B =7 (6 [ ld v (38)
. ) : %/Va
sin*x cosP v
%0

from which™ and B may be determined. The transformation matrix
- in thi$ equation 13 seen to be t’he'transpose of the matrix given in
jeéﬁation (22). The corrgapondiné trar}sfomavion. matrix in the case of
conQuntion‘ai euler angles is obtained by interchanging matirices [6]

4

| gmd.[ 57] in oé;uép*.un (}8). ‘

ST

S1D 62=-1139

-43=



NORTH AMERICAN AVIATION, INC. ! '¢4: QPACE and ENFORMATION SYSTENMS IDHVISTION

CONFIDGREND™
)

Model Two

This model shows the reiationsnip of rotation between the foliowing

axes: Imertial (X, Y, Z), Earth (XE, YE,~3E)_ Original Eartn-vehici
geoceniric (X, Y., Z;), new Farth-vehicls geoventiric (Xis Yyo 2phy

vehizie body 1Ry, Yo, Zy), vehlcle govcentric (Xi, Yy» ZV) and w.td

vahdele (X, Y , 2 )

Note: Model Two includes a polar orbit

Differantial Equations for the Eulcr Anglas:
Foliowing the nctations and equatiuns f1) thru (1') on puge ,

and , the anpular velocity of the X, Y , Z;, nxes relative to the

? B

insprtial ax-r, but resolved about the Kr, Y , £ nAaxes, is ziven by

] : 5 et T
{G ':Dj] ad) -+ _Q)_,: [ o)
F . ,.- . . . . ] . v a7
F 2, G J
Sim'larly, the sngular velocity of the body gxes relative to the
inertial qi@s,.but reﬁélved about the body axes 13>g£von Ly:
~ 0
w : .
sf =01 16 (5] (4) (13] -
e ‘L
¢l 6 0 0
+ [7]1 [61§0p 71 O + 6
‘i) O 1§ (_’.\:I]
tut,
r )
W e H — “;‘1'»
B Q . X \ /
R

- - | ~ONEREAT
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Thaerefore, eoucting the richt-hand sides of erattions (47) arnd

(L1} and proeending ag on page and , we obtaln the relations:
0-1 gin® tan ® + ~R cos @ ta@ +9 ¢ coa € sec @ 4 ‘PF sinh saop (i)
9=P cox® +R a3in 8 + QF eln ¢ JPF' cos 0?' cozy - (a2

,;,;;-—;1 sin g sec"’+R cos g 8eC g~ O;F cOap'l.gn P- ’¥ nog @F sln *tin @

. @ sin @
rt P\

T {das
Trapgiatiopal Equationa of Motion;
Following the anailysis on ~ages ~ thru , the radiur vertor,
velocity and gccelerstion may be written a3 follows:
r=r i? (AN
V-ri +r® nros I+ rd Kk
) r ) wf* F F v Tio)
- .. ca a5 _ N SR e
a :[ vl B b @< oogs )] o [(27‘ + ¥ )ros® ~2r @
®F QF‘ wf’ F : F ¥ 3 K
. oy ' . oD . ,
Ty sinwy]-jy t[m,, s O+ rR, Sing, ‘,c:qd),“] . .

The vravity acceloration wector must pow be recslved into component:

’
s

slong the ¥, Y o, 4 axes. Tblc necessitates a trarsiormmitlion fror the

P

original to tre new Farthwvehicle geocentiris sxea, OSince tre X axig ir
' r

coincldent witn the X - axia, *his transfoomatisn irvoivescimply
T

R potatior abuut the X axig., through 2n engle which ve wili deno's by
no ]

‘)\F"
Thug:
i
P‘ 1 0 O
i, X £ cos )\F‘ sin A
' k? 0 -3ih X I A,‘_ (1.8\1

- 45 - ~SONHDENTE—
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Arnd

[y ' (,,m (23 cos’ © )] 5

[ LJ\HR’ sin N aind cos ¢ ] ‘ ‘
7 . F ‘ F
r )
R* tos gin® cosd K
[ ‘NL o o5 A F © ] s (49)
r&'.

From equation on page ané equation (48] we can write

1 0 0 ,
o ! /
0 coaN sty | = (13 fazj ] fun] o} [?]’[3] (50}
< -5in\ COSA A
i Or, Inverting,
1 0 0 1
. s 4 7. 7/
0 cosk -simy b= (3] (25 (V1 (42 [y 127 (1] (51)
s sink cosh |
¥ k
This may bc rearranged in the fomm,
-
1 O C :
ST - ; B A A T
[',)] [] ) LN " -3ink ‘ [0 fae, [an) (1) Do) 200
0 #ink " cus)\F |

Equatinr the elemants-in the last row ard aresnd and third columrs
6f the product matrices on both sides of cpeition (a7y, we rave finaily,

casp siny . T -sin @, sin th tocos @, Siny  Coop ; (%3
g i i



NORTH AMERICAN »AVIAT!ON.VINC. ~¢‘ SEACHE and INFORMATEON SY = ENES THN IS0

CONFIDhbiAR—

cesd ¢osh - ~sin © 8in® cos®  -coc® sink oin® sir @
F i F F i P F

~~—

A

2~
-

+ cosQi co3 N cos?®

-

¥e can now subgtitute equations (53 ard ({4} invo equation (a9)

to obtatn the gravity amceleratior. in tre Torm,

¢ =[- «x + 6FYRY (223 cos” @ }] '
el 3 o i
r N
r
. <~. " . A) K
+ 34&1331... sin® (sin @ sin ¥F-coa® sink cos? ‘{] s
- i F ! ' ’
P“ l h '
| )
+ Egypaz 3tn® (sin®  sir QF co.ﬂ’g v cos® sin ::imbp
—_f 4 | ; 1
K‘L‘

N

i{P u"'Q ,.x‘» ® }
8in p oce8 T ces A cog F'] Ke (

The aserodyrnumio, propulsive and ¢ rtirel feorces are agaln deternine
with refuorénce to body Aaxe:r and luen trancrormed Lo vehicle pescenwric

ax25, X_, Y , 2 , ustng the transformation matrix of eoqustion (213,
3

F’ E
bub recognizing tiat the eiler anzies nere are refecred to the X, 7,
. [

3

2, ayes,

-
;

The trar:lational equation: of motlon may now ve writtern as follows:

;
F F o ' ) - v

510 6P=11739



I4
o .
NORTH AMERICAN AVIATION, INC. *}} NPACK and INFORMATION SYSTEAS DIV ISION

CONFIRENRME—
)

sa . & [ »
r? cos® + 2r cos® =2r® P gin @
F Fo ¥ F - F F F
= I?F.t'ﬂ‘; sin® (sln (bi 3in® 5 -cos Qi gin\ cos ‘PF)
S &
. " .

{Fe ¥ H, : e
4%; .¥4F‘+Pq; v q’}" Lo
.o ’ . P > ’ . 2 .

TL o+ + r? in?® cos® <~ 1Kyt sin® (sin® sing
* F zré.? - F 3 L ¥ ‘r' i P

sink ainQP ain ’PF ~co3 ® cor A cos T )

208 ? 4 cosd
RN ) e K

v

1
+ .;I‘-J% .t Pe. e » (<8}

,

U on selution of tnese equations, the altitude may #7ain be
. ‘ /
determined from eguatlon {<7). Peceuge of the increased complexity

of the eguations, sw:n with p us a bagic varisble, & reformulstion
to imtroaues ), 83 a basgle varisble 1s not carriad out, However, the

subrtitution indleatsd in the eguation, v = Rg +  or, may be muie,

Rotaticnal Equations of Motion:

The chance in coeordinate system does rot alfecl the rotational

equations of motion, and equetions {28}, (22 anc (D) remairn appll-able.

Angle of fitack and Angle of Sides.ip:

m™e velocity of the vehlicle relative to the Farih rovating ax: s,

XE-’_" YE' ZE' may be writter:
Gt; = ?“r—“\ + 0 bp X ; ‘ feyl
), e

-4 - DN
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In whick r is glven by equhtion (45}, (f;g’ denotes & partial
: Ot/F
differentiﬁflon in which jF"jF',kF’ are heid fixed, and Wor is the
rotational velocity of the X?,JYF, ZF frame re}ative to the XE, YE' ;E
frému, In terms of cbmpoﬁents'about the XF' T Z. 8xis I¥] FE is given
by,
: o} . 0
't:s A‘ 3 N
FE} =n3} (o} «{FY D3l hrdned in] 0 60}
) r ) : ‘
¥ i
S F E
v,or; after pérformlhg the indicated matrix multipilentions,
B 5ine -l . €08 cosd
P oy f"' Ing =0, sind  COSR, cosd
} -0 g €03 @1 ain A sin 3% coge ? "G cos 9, €03 sing Ej 3F

vl -® + 8 sin sin - o cosp sin % CO8
{0? ARG L TN : QF} Ip

7 rosd® 42 gin®  cos®  sing
ﬁ}“ ¥ - E i F F

t% coz & asipkh sin ©

a® -~ Q c0f O roskhy TS PR 2Y
E '1 F BL’} F E 1 ,\. bp‘r F

1€ we allow & wind velocity glven by,

e I R g

o
e

The velacity of the vehiéle relative to the s8ir becomes,

; . O; A + LT - Vw (A2
NG

[niroducing equations (45), (L1) and (62) into equitions (03],

wee have firally,

- - ~SURETI—
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[ S U A M S (64)
a a_ P g 'F g ¥
n ¥
Where
v, b ;- -
- Vv,
v =l § cos® _+a_ sin cosg  Sing
a0 p g SNy F P _
o, ~ - . A
v cozd . siny Bln® | sing -~ G0N coak cosd® -
Q E d)x L . F ° ¥ E i F @?
N = rf&> - 1 sin® sin B +2 cosd sinx cos® j-Vy
n B A > i F kb ' FO
D P
k
Apid
. - - s A - o
' EEY IR SR A (65
!'1 a“ % £, .
b ; ¢
S npd®  may now be delermined as previous:y., on page  with eguation
{32) toing rep.azed hy the relalion
'V ~
cor”  cog! ap/,
sinp ~ )6 (8] ] v ()
. :'iq)‘;/-v
s¥n oo . "Ja
-
')\
VAN

Wher> again the transformation matrix is the trenspone of the matrix

in equation {.2).

SID G2-113%
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Section II: LAUNCH ESCAFE PROFULSIOH SYSTEM .

Introductions
In ’éhe e;o-nt of abort conditions of thé Apollo misaion durinz the
pr&-orbit rhase, Tthe laungh escape system is utilieed to 1ift the command
podule frof the booster to sa.l‘ety

mmm:
In general tr.e trajectory rawltlw from the sysfem utilization is
c:rcumr with an altitude of aprroximatoly 4000 ft. and a range of
a’rmrmimtely 4000 ft.

m.sa:
As shmm in Picure 1, ﬂxe"pﬁmrj promlnién of tht'evr.tm 15 produced bv
8 ‘!inFlD enarine through. fow: tarzels. placed at an angle af 33 to the
foruard tm it vqctor. Since the ex’cenawn of this ﬂctor wus tm'ough
the €iG. at sll times, it wm an asgle with the Xy axis of %5,
A» the fuel burms and the C.G. shifta to lts final position C.G. The
vactor extended continizeé eseentially to pass throush the C.G. at any
“time T. | »
'I‘};e initial} C.3, is 6,.78' from impulse point or center of the ooordirste
axes. As the fusl burns, the €.G. shifts to a point 10.70. away, measured
along the X.R - axis., A solid fuel motor is located in the uppsr rexion
of the egcape tower normgl to the XB - axis, Por further si—-plification,
the npropulsion vector of this motor is considered directed parellel to

the &, - axis.
B

- 51 - “SONB
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Consequently the propulsive forces along the _three axis can be written:

P =P cos 3°15'

LES .
P .. w0
P = P &in 3°15* + P
Tornuer o
‘The torque about the axea are:
1 =0
KBS -

o {681 +3.92 f(‘n)] g min 3015

‘N o +[m*3az"r{mnm

E&l&.ﬁ.ﬁ e

The propulsive forces sbove entet the;pquatians'of motion alons with
other forces alrrady present, and alter the propulnive forces and morents
commutation which in turn vlters the translntionsl eaustions, velocity in

air computation, and geodetic comutation (See he Punctional Block

Diagram).

Similarly the tnrqucs shove enter.fhe Body axes Rotational Equations
that in tum rlter the Buler angles and mnaecxucmly affect the equations
of motipn. Tomether 'the equntions of motior reflac,t the new treiectory
<nrmluced by the leunch Rscape System‘at any time after 1ift - off until the

.

towey iz jettizomed,

- 53 - =CONTII
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The tawer Jjettisnn motor thrust vector is rot conoidered because

it does not afferf the C.¥. trajectory &ffer»the tover ig released, —

However it is intanded ‘to operaxq zg pirt of the nowymul abert
aequence ag w2ll as aerve &8 A hacxua to the nain laghg;L edcage notor
for tower Jottison guring ixe aegond stage %oost when ahort is deemed
unneceg: &ary. In both cases it'separates the tower frowm tlie comrand

" nodule and provides a.eafe clearance,

' MONERENIE
ST

'L 62=13 3
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. Section T11: LUNAR ENVIRONMENT
Axes and Coordina‘es (Sec Figure 1)

inerisl Axew (X, ¥, 7)
1. Origin st lurar center
2. 7 -~ axis coincident with lurar polar axis positive north
3, ’X’o 2 plané,;paraklel.to Farith's ¥~ 2 plare

\

. Urit vectors 1, i, k)

Lynar Axes.{xn..Yi,';L)

1. Origin at Junar certer
T 2, - axis colncidert wilh iunee polar axis, positive
t . : : )

north

3. Initial position roincident with Incrtial axes

Le Unit vectors (il"jL' ko)

Lunar-Vehicie aelenocentric axes (X , Y , 2,
. _ g8 =&

-

1, Origin at luner center
2, Xs - axls passes through vehicle centrotu

3. 18 - 2_ plane cortains lunar polur =xis

-

4e Yq - axis lies in lunar egquataria. yian«

5. Zs -~ axis is positive morth of lurar eguatoriai vlana

6. Unit vectors (i . J , k)
. s "¢ s

» L)

Vehicle Boly Axes (X | Y .
. L BL

KL

1, Crigir at vehlele eentroid
c. XB,- ZPLPlane coincident with piane o5 symetry of

vehicle

- 55 - “ERNEGENTE"
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Je ZPL- axis positive dounwnrd, normal tc XB' ~ axis

) de XBL - axis positive forward

5. ¥ - axis positive right looking forward and normal

:to X - axis
BL

-

6, Unit vectors (19, jB, kﬁ)

Vohieln Selenocentric axas (X, Y0 Syi)

1. . Origin st vebicie ceutroid

2, X . - axla nositive north

Vi

3. 'y, = axls positive vest

low ZV' ~ axis passes turcugh lunar center

. va =& T paame contains lusar polar axis
- L e B

) I el ! : ' y
b. Snil vectors (i, Gy Ky

r 7 '>

LunareVehicle Orbit Tlan~ Selenocentric Axes (XVI’ 10 Y
. A L

et

l. Origin at maon's cenler

2. I”I - axes pusses through vehicle cegtroid
ri.
e XF;-YFX plare is naminal trajectory plene
L , ) .
o YFI points ecsentially in direction of flight

o I points 1eft wher looking in direction of flight
E %)

r, Unit veators, {(} , 7 .k !

4

PL™ YPL"  FL
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Luna él

This model 18 formulated ir & sinflar manner as Model Tuo of the
Ea;'t.h Environment Sectibn, The aetod&x{ﬁlié and obhtaness terns are
omitted. . ‘ .

This model has & polar orbit cpability, With s change in-

symboliem the ‘equations presented hete in ars analogous to.those,in

Model Two. y
éL =’P si;;“sn ’hn«pL +Q ;Raéq; eLrThn ’I-+ ;FL em_a ."L soe . (1)
+ éFL coﬁ#n sin #L sac ’L |
i’L = P cos GL + R ain BL + éFL‘air‘ *L - QFL CO'VB on céf’b L (2)
Y~L = P ain 8. sedv L + R eos evL”‘aa’ci ® —_‘i’FL cos \5 Tan o
- 'i'FL oz QP‘L sir §; Ten @, + én?’sm oL (3)

Tranpglatjicnel §guéx_t_;g§s of Motign

.. . -2 2 B K + 1 (P ) ,
r, . g S - N —tiee + \A)
L rl,( OFL + @ FL cos @ PL) g M ro HPL

T

L

r 9 cosd +2F B cos® -2T éﬂ P oin @

L 'R FL L FL r ¥l FL,
= 1w +Hg ) | ¢ (5)
v (P 77 %y :
.. o .2
T + 2 ® + P x o = ) + H 6
LByt 2 By vn B eln O con Gy = L [P0 4 Hoay) e)

- 58 - ~—oONEOEIE"
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1 Bguations of Mption
‘ The rotationml eﬁmtioha of motdon are the same &5 thoge
formulated for Earth &wironn,mpf - Hodel Cne vith the L, ¥, and N

terms omitteds .
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Section 1V: NIDCOURSE ENVIRONMENT

Sravity Vectors

‘ The vehicle to earth gravity vector is demesibed in model two of the

" sarth environment as:

ki, where K =g, RS, K= 1.4077500 x 103 13 sec-? (1)

r ) . »
Simiiariy the vehicle Lo meon vector can be described as: -

=KL iF‘{.: where KL T E 7%- . Ky, = 1:778 x 10 117 sec™ (2)
L ) .

Gravi;atjonglm
Relative to the "P* f;ams, these oqwaticnb are sx_swnpd up to ferm a

y,h.rea;bcdy {igq,r;h, mvovon, vehelile) gravitaiipn;l em:.gtylon_s”
‘ =(X_\iF ~{- K N )
CEEEEm

Trapsiat iunal Ecugtions

Following iht analysis in Part I, Medel II, the maon E@;!’ormc.ed
translation equat ton of acceleration may bs written aa:
i = [rL - EL( '“&’FL v i?FL. cos” °FL)]' Ipy [(2;‘1. ‘;’FL K "‘L ’I’;L) cce &y
9
-2ry, Gy By i OFL] JpL [?L Sy v 2y Gy vy Ve oetn %y

cos %] kFL ) ' (A)
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Combiag equations (3) and (4) above with the translating equatione
from model two of the earlh envirormeut, and disregarding aerodynamic
and earth oblateness forces, the mideurse translational ecuaticns of

motion may now be written ag follows:

.o 2 a? 2 : 2 a3 2 ‘
o —T(Q“ -fg? cO08 m?‘) *rp _rl.{ &PL “’QFﬂ“ CCs 0':“1)’; 2D e

Y_ {5)
2
_‘K N . R - ‘ '
A L Prfhr) 1 e+ B
i ML L
‘ r
1.
(?;‘él 3 9] o ord &  sin® +(21 q.i . -z
ris r"'TF) coad . 2r P ¥ sin F( r }"L+r{,'.‘f:..) cos@n ’“1
& ¥ g1n® =1 (pP_ +.HP ) ey e
L e sin® o T(p .. r'*%—,””p{ WFL} .\ﬁ)
rd 29 +r¥ slp® cos® ! r ® +2r 0 4r . 3ind, . cos®
¥ F o F FT O F L T L FL L FL FL F1.
=1{(Pe +HO)+1(PO +HA ]
A SRR FL (7)

To- simplify the solution of trese equetions, they may be seperstled into

two sets as follows:

. - 2 * 2 :
' wr(® +¥ cos ¢ ) R 4 + ] (P + H \
F F “ 2 v or T
(2r '!? n-q'F;: cos & -2r d»F 9. sl @ =L (r o +Hw) '8}

rd +or0 4y i 5in € cos ®_
- F R K r
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f

e

. . . ~ ¥
-r ($¢ “ : 2wl 4 P + H )
r, -r ( oL +9 _— ? FL) 5 %_f( B, r)
i , [ ]

M
. - Ly :
rLoFL F'l. + 1y ‘P‘FL 31n0FL cog?FL = %{—(PQFI. +.H°YL)

Trcrnt‘ore. ..he mdc)urw eqmtldm au maraly ‘a summation of Mudel
1! Earth and Lu:mr Envirorments with aer@dynamlc and oblataness |
gravitational tarms clm!nawd. Pmaoquehtly, bﬂth Farth and Lunar
refarenced compubr;{ions proceéd aimlmngdusly and thc results ajlong
with ephemeric date ust:;blisr.ing-SteUAr i.?)cati-ﬁns, Earin-Moon and
Earth-Cun Vectors producf»‘a'a comp lete dynamic description of translunar

und transearth flight.

- 63 - | | 'W
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Section V: REXDEZVOUS

Introduction:
Rendegvous may be considered to take place in three parts. First the

launch and ocost phase, in which the ferry vehicle 1o placed in an ortit,

ag nearly iden£ical as possible, to that of the target vehicle. Secondly,
the orbital transfer phase, in which the ferry vehicle propels itselfl intc
the trajectory ani general vicinity of the targst vehicle. Thirdly, the
homing phase, in which the ferry vehicle is guided visually or ele~tronically
into docking position with the appropriate on board propulsion systemc.

The equations presented in this report will deal with the transfer and haning
phases of the satulliie rendezvous problem, because of their application

to the Apollo Froject.

(rbital Trunsfer

7o effect an orbital transfer requires a twc step impulse to change
the ferry vehicle from its initial arbit with aletents Py, &5, 4, iy and
;1Lo the target vehicle orvit with elements ©v,, &, W, i, and sz If the
terminal orbiz is used as a reference, i h 0. Also, ﬁhe symmetry ?f the
~ertral pravity fieid makes the criertation ¢f the line of rodes of n. val.e,
ticrefor @ 0. Cansequently, since “ne value of Q,1is arbvitrery, the
pruoblem is syecified by seven parameters: an initial orbit with @leﬁeﬂts

£

by Bgr Wys il, _and a terminal crbit with elements pg, €5, Mo -
The three paraneter family of transfers betwesn two.points c.n be
ietermined using the rule: Given two pointe not collinear with the origin,

h ’
and a quantity "p" Jreaver than zero. their exigls a unique conic passing

- 6k - TER—
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TERMINAL ORBIT

TRAKSFENR GCEOMETRY
FIGURE 1
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DEPARTURE

R -

‘ ' *, . I l ' “ i f ! l i
AR P Ll | )
| ,‘“; if!‘. H’i A
IR Rl s T IRIE l
3 ‘-u,_iUuLi . *!i,} 4 ;o
el "#,/’/‘ e - /,/"'v' - " //
- /"”/,«//_ - ° e . ey
y /,/ //./" - ) ,«/j”/ AM” e p ‘ 5 -
T A
< _TERMINAL CRBIT PLANE -V~

g~

ARRIVAL -

e

7

PROJECTION ON UNIT SPHERE

FIGURE 2
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through the two points, with the orxigin as focus, and "p" as its simi-latus
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-

rectun.
Tet T, 0‘ and t_ 02 be the two points, It is necessary to obtain

e2 0 and w such that:

r = n ; r = p < (1
i 2
1t 4econ {0 -w) ' 1 +0cos ( 8 -w)
1 \ 2
.
And:
p P
— -1 =6 coslg -u); =1 =¢ 008 (8_-v) (2)
r 1 T ‘
1 o2
Let P -y 24 nd ? -1 =8,
r r
‘4 2
Then: ‘ .
A= o cos( 6?'“)3 . B = e goolf v (3)
2
Or: A ;'Vc,q:z { 61-u}; = cog{ 8 -w) (A)‘
e ‘ - ’ ?

U_si:ng the spherical teigonomatric identily:

gin{ © -u) sin{ ® - @ ) = cosl{ @ _y) coa( @ « O ) - con( 6 _-w) (5
1 < 1 1 2 1 ]
sin( @ ~w) sin{ 8 -8.) =" cos( 0 -0,) . B (6)
1 2 M 2 1 T3
sin{ O -w) = A cosl -3 : {7
! e zinl 8 :
2
Using equations (4; and (7):
sin:'( e1~u) + con’ (61"") =1 '
K 2, - 2 2
A’ 005(0—91)—%31':05(6,—9})*8 « A =1
2 7 -
———e 2
e

o? stn?( 8 - o)

Let & — 8 =049 Then:

<

- 67 - RN

i 621139



NORTH AMERICAN AVIATION. INC. ’¢ SPACE and. INFORM VFION SYRTEMS DIVESION

CONFIDPNRINS~. ]
)

% ::ﬂj 5in°08  -2AB cosd® + B +A2 sin’ A8 s e
aln2A0 »
N T ET (®)
. | ‘isin 48 2‘

Equaticns (4), {7), and (&) form the solution,

The zon’c demsnstrated ty thede equations is unigue, but as an orbit
it may be truverszed ln cither of two directions, However, wo shall azsume
that the path whicn traverses an angle of less than 1800 shall be selectad

‘n all cases in that It iz the shortest route,

j Trangfor Geom-try (See Figures 1 and j"_l
Transfer geometry can now be definedas Glvan the inftlal and terminnl

erbit elements (p1, 91'1‘1, Py 9,

by selectisg twe angles and 8 distance, These are ,1. the position

y W.J & transter ortit is prescribed
A,

of the ceparture puint on the initial erbit, ® , the position of the
oo 2
arrival point oo the terminal orbit, and p the siwmi-latus rectum of the

) S o)
teencfer eoniz, Tne conic is andefined for valuyes of ¢ -« = 1807 = (,
Lo ) o 4

a

mu sk Funaction

A double-valued impylse Punction of the variablesg Y and p my now

be defined. The raaizl and circumferential velocities of a conic are given by:

R = \’—yp—(e gin( @ 3—w)) ’ (9)
C- Jx;p' (1 + e 003(93-\')) (10)

- 68 - -
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The impulse function is then defined by:

Or:- _ S
! ; N Y % >
R = < - ol NRC g: < 4+ (R -R__)“
I J( . R”) + (C1 C11 cos 1), ﬁ".m_n ok, (R, R22)

y - ) A ’ ' )
+{0.-C_, r:oaa(,})2 +{(C_, sino(,_‘)? (11)

The various reualtionshirs in tha trapsfer geomeilry can be seen

by mf‘emng to Figure 1 and ?.

The par‘bi@l(dvri‘vat&ves of Lheﬁ imp.lié’it wﬁlse‘»t‘unctton with respect

to“; ‘P ,» aod p may now b& ucitt.em 5&‘

5
,J,

| » | .
"91 wgf&e[% GO < "“11 ”"“‘9 P/P R JK/P "Cn) sin &9 ]

b ;-C1 con e, [R”‘p/p] c, «C cosa1 ER, ]

I, I,
+Co .
AR [sin" i sin2Q2 cosAG}
I sint 40 '
+ R K ,
< 2 [H} cos X, "H.11 D/P1 ]*‘ T Con o T
1 Sj!‘.Ae ....__.__.__.__. E‘S.D’ i Ulnw"
4 ' T airn’ a8 !
sing ] (12
81i/a R,-R
L3 .
AL R P ST S R, \p/pd + c.c,, [ -stn? i, sin®.
2 ! i
! in A8 T
) 8n 1y sin” AB
sin ‘P?]

SID 62-1179
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& R “R

12 air.00

+ 0 -C__cotc & : - : :
— - LR)2 /e, )+ gy 0% 2.3

L3 L'_; ’ r?

+ 0. . - _
R — { ~sin” @ sin? i, cosaé] (13)
1 g‘njm 2 ‘ ¢ )

a., /a - R ‘n ) \ “
P IR : [.R1 3in &8 -2(1-—06349 ) e

’ 7]1 p sind@

+ T -C_ ocs™ + R_-R : o
Rk 1) 2722 0 R ostese v 2(l-cosod) V¥74
21 Y psina® ¢ .
1 f . - :
+ 0 &Z cug o (11.\1
D72 : ‘
22 )
&wz p

Trhut, & class of orbital transfer aquations have been [rrmulated anc

definnd,

310 62«1139
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Homing c¢an be corsidered as the asi of gulding a craft to a
satellite target with initial position and vetocity differences of
approx:mately 7U miles and 100 £1/SEC respcectively, to within .05 milbs
and 2,0 Ft/SEZ., Trus, orbit transfer errors are correntec until the |
conying mareuver can be accomplished{ A coordinate system w:th the
nrigin at the target>Vehic3gv;; oriented such that:

Thé x, = axta ig in‘%he‘}aréei bl&?ﬂ peiating ferward

The Yy - axlsiig d;rectea binormallj,

The z, —‘axis;is:rudiai
Then, the firs:. order equébiuﬁp'of_ﬁgtion iiﬁ:

/ F_= §1) + KA1 r)x +(7hr/r2)i$_g§g?§!gg‘ %
: s

X
: - . 4
(X} ' - !
by =y, *("/rs)y; ' \ (15}
1 " .. ’ ) ’ ‘ :
FooL g, /a3 (2 4 pd 7 T . -%1 + 2Ke sinf X,

]

Make the following substitutjons:

o .[Y.}” H n = é‘."i—e?); ln: J-P[/a? ; o= L

1 + e conaf
And considerine tne path of motion to be circular by letting e —» O,

cguation {1%) becimes:

Py, * X, -eal(x. cosf + Pz; ainf) + 2n{142e coafl) i,

Fe =y 2005 ‘ |

hE) 1+ n7{.:3e cosl} y, ' (16)
Fz+ = %, =Der vy sint —n7(3 4 Wc coel) z; =2n{1+ Je cost) x,

-7 - T
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Note that the "e" terms still remain but that the "e2" and "e3"
terms have teen canceled in as much a5 thia simplifies the ejuations
without any aopre~iable loss in aécuracy. Equationa (16) can be
further simniified if the "e” téﬁms are.ramoved entirely., This has
been shown Lo e permissible provided that rendezvous s completed

within one ort it of the vehicle. ,

The equations can tren be written:

X}

Fx1 =X s 21 51
F =y ¢ . 7
yg S¥y Ty, | {17
¥, =% =3n" » -2n %

oq 41 In 71 Py} x1

SinArn thase aguatlons have constant coefficients they can be

written in ters of Lu place transforms as follows:

Xls) 7 (xo * "a zg) [5° - Hns +{(Kp=3)n"]+ xolS + Hn) [ s~ +Hns +(KE3)n:]

cia) D(s)
=2y ~in xp) {na o« La-"} - zo{a + Hn) {ons + Ln< (12)
U o(s) D (s}
Y(s) = (& + Hn) yo v ¥, (12)
s 4 Hng + (Kr + 1) n”
r* (‘T/ . ‘ A > Y
7(3) = ‘Zo -ang) (574 Hrs *~Krn2} . 2,(5 tHR)(S” +Hns + Kpn+)
I (s) D (s}
+ (ﬁo +on 3o (205 ¢ Ine) 4 Xo(S + En){ins + Ln<) (20)
L {s) U (=)
Where:

, D (5) = &% + 2Hnsd +(HY + 2K 41)n? &7 *{ﬂ(PKr—B)*LL] ns +(K§~3ﬁy+L7) nt

72 ONHONIE-
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Tntegration of the complete aquations of motion
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for both the

" target ard ferry vehicle must be performed for purposes of rendeczvous.

A

Steering :
7o accurately steer the vehigle to the point of

rendezvous a

"lead" rerwm perpendicular to the lire of aight must be included in ‘the

. steering eduations which are conprQSad of thne~ pariss

(1) A lire of sight thrust toward ths target;

—Kr n* (;1 ip y1ir + z1k )

(2),'At“damping" tarm,proportional to velocity in the moving system;

(1 8 ”lead" term pcrpend‘cuiar 1o the Line of

sipght, and directed

with a sense opposite to that of the vehicle's mction aboul

the Earth or Moon;

Thus

]

RNV YRR R A
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Conculsion

Rendezvous, in its transfer and homing phases, has beern described

mathemat cally. Of necessity, iwo vehicles must be in orbit prlor to
these phuzes. These vehicles are referred to as the target and ferry
vehicles, The‘ferry.vehtclo% trajﬁctcfy snd location at any time shall
te cogputed ty the =arth of!lunar‘envirorment gections of the computer,
Yowever, for purposes of iraining, Lhe ba}get vehicle's trajectory

ard locatlon can be praprozramméd or taped intc the rundezvﬁus,pcrtinn
of the computer, Then the farry‘vhiicle, using itr onboard propulsion
AnG resction contrel cmpability performu the necessary rendezvous

mancuvers,
8y programming and computing eimuleated rendezvous problems on an
TBM 7007, the optimum vilues for K, Kr,'and L in the steering equstions

were fourd to te €, 16, and 3 reepectively. Optimum imoulec qhnntitie:

for particualr vroblems were also-asrertained.

T “TONRDENIN
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Section VI: VISUAL SIMULATIOR

A complete mathemntical description is at once both impractical
and unnecessary. However, a generaliged approach with as manv
mathemstical details as possible ingorporated, seems degirable
for training systems recuirements. Of necesaitv, the various
meana of visuml observation must be couridered separately.
Window t

At present, five windows are planned for the command module. In
eeneral, one in the canﬁpr,and/tvo,on the right and left. If
the mstronaut's rizht eye fE1)nis normal to the window's

approximate genter, his scops of obeervation is a field of view

on the celeatial sphere, see Figure 1. Assuming the windov to
ba‘flat. the field of view cen be conpubed as a function of the
window area and thé-diatanca f:ﬁﬁ the evs to the center of ths
vindow. For example, if the window ir cireular vith dizensions
-ghovn in Pipure I, we huve:

r

¥, = 2 axctan - (1)
q

1

Other window -haués would croduce corresponding fialds ~of view
on the oeleqtiﬁl sphere., All celéétial bodies in this field

of view will be seen hy the astronaut, This includes the sun,
moon, eurth, fourth magnitude stars or brighter stc, Converssly

all sources of lizht within the field enters the C.M-. through

the window, and can be seen by E1.

e e—

570 6Huell3y
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FIGURE

s
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Vector dj, can be described as the resultant of two rotations
about the Zp and Yp axis respectively, as shown in Figure 2.
The angles of rotation are %; and P, respsctively. Note that
,\:‘B, whicin is parallel to Xp, only through the astronaut's eye,
can be considered the same line when projected on the celestial
sphers or at infinity.

The possibility exists that o ;=0 when viewlng out the center
window, but the general case requires both rotations. These
can be writien mathematically from the body axis as shown below.

Note that w refers in general to any of the 5 windows, with

the individual angles determined by command module design.

FIGURE 2

-7 - o
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Consequently, vecltor d,, can be described as:

cos Pyw 0 sin Biw cos %w sin 4w O 1B
)
ai 0 1 0 -8in %yw  cos “Yw O j (1)

-s8in W 0 cus Byw 0 0 1 k

—

B

In a similar manner the center line vector of the Scanning Tele-
scope (d,=) and the Saxtani can te oriented tc the command
module body axis. The corresponding anpies oy q, Byp and Ay
f1a, vary huwever according to the crientation of the optical
instrument. Easenniaiiy, rala&iv§ to the Euler Angles, we
have simply two more angular rota%ions descrived as:
tw = @
}‘ Ow 643, w;

A

{

where %1, and ijy are the additional rotations abcut the Zp

and YB axes resypectively. With appropriale aubscriﬁts, the

criertation of the scanning telesccpe and sextant can similarly

oe descried. |

[t now becomes nececsary to generalize windcw observations., The

first step is tu move the eye from the normal to the window wille
. keeping it in the vertical plane or 4, Y planz in the case <l

the central window., Cee Figure .

dssunirg this windew to ce c¢ircular, cuservaticns from this

point woulu cause tho eindow to appear elliptical and distort

the cir:..ar ce.estial srhere fiedd of view irito an elligse.

- 78 - SNADENIY
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The depree of distcrtion can be calculated from the angle [b; ]
betwoen the normal and the medisn to the window (or plane of the
windou)}frdm the observers uyo,.tho ellipse is & {90 =8, )° with
the major axis along the Yp, as shown in Figﬁre 4., The angle

of rotation py - 9D—Yi4bx uhgre Yy 1s the angle betwéen the
eleaent of the cone of the command module body én& the Xp axis
or one half the vertex angle of the command module come. Cince

the right eys is held in the Xg Zy plane in this cane, 0

and equation (3) may we written.

i, cos (9C — ¢, + by) 0 ain (90 ~ yv4 + ¥,
il = 0 - v (3)
K, -gin (W0 —y; + &) U cos (90 ~ vy + by)

- 80 - SONEBENF
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The next step is tc move the eye (Ei) to any pceition in the YB
Zp plane or a parallel plane within the command wodule and sight

the midpoint of any of the five windows as shown in Figure ©.

Cy le any point on the IB'axiu and Clﬂl is the radius of curva-

rare of the C.M. cone in that particular plane. €; is the angle
vetween EqMj and C;M,. The ellipse then is a (%0 - e; )¢ ellipse.
Combinlng these two results, the degree of the final ellipse
after both rotations is %0 - €1 [90 ~51‘] with the major axis
rotated &y counter clockviseggor +%; and rotated ey clockwise

for ~X; ratations.
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Tre nert conmideration is s window observation with both eyce which shall
be dercted as E] for right eye Yand 32 for left eye, Thiv norunl .%j tuation
aroduces the "birorcular view" as shewn inm Pisure 6. Region (El + E?) is
observed by bot" eyes, wrile regions (El) and (Eg) are obrerved by the right
and left eves onl,v‘,' resnectively. Thua the observation illustrated in Figmre

1 would be as shown in Pigure 6,

FIGURE €

-8z - SOONRh
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After the x4 and ;ﬁ rotutions, the ovservation would appear similar to the
double ellipae shown in Fieure 7. 1t ie recognized thut celestizl svhere
window observation is two dimesional &# general, and thus with the exception
of clarits condiser.tions, view is the same with one eye at s time added

together, or both ayes at once. In genera), it i~ only necessarv to

superimpose the trace of one eys on tha oihrr.

/
/
/
) /

S

~ -
- PIGURE 7

When E;Eb has any dir-cction amd diﬁ»l ang <, ﬁz are anv reasonnble

rotation angles, we have the gener:]l cnmse shown in Figure £
If a window housing thickness 1a coneidered, another elliptical distortion

ocours a8 shown in the shaded area in Figure 8.
. ’__‘ :
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Sunlight inrgress or sun shafting will occur in genural when the
gur is in the same hemisphere as one of the windcws, Hefersnce
Figure 9.

Th the case of a circular window, the shaft wiil be an ellip-
tical cylinder and will enter the-craft as a'vecwr, in the body
rrave, whose direction will depend upon the orientation of the
craft relative to the suns pesition. Naturally, night cerditions
will prevail when the moon or earth pass between craft and sun.
Hence, complete description can be formuiated uasing appropriate
vectors and ephemeris data. In all of these considerations, such
iteme as window curyat.uro,a.nd giau composition have not yset been

» established.
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Instrument Observation

’

Usins the same rotations in egu tion 2, throush 360° about the ZB
and YB axis, the following instruments will scan the celrstial

avhere with the given fields of view and magnificstiona:

LESTRUKEST FIELD MAGNIFINATION
Seanning Telescoje 6¢° to 20° 1 to 3 (Zoom lens)
Sextant : " 20

The field will be circular in these cases with a donble superimposed

imags in the mextant for alignment.

The Scanning Telescone can be ussd for general survellance when

not beine used ‘or navigationnl purposes.
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Sectior ¥il: FUNCTIONAL BLOCK DIAGRAM (Integrated Mocel:! .

*his model integratns all previous models .nto onoe coherent,

comninte gystem as shown on the enclosed prirt,

“re Command Moduie represerts the actual trainer with all of “he
simulated ‘nstruments and coentrous for he various fiipght phuses, TheA
com nter interiace integrates the G.M. with the Tastructors Consoin,
Flight Programer, and tho equations of motion.

' "he variocus envirconments are listed except tne midcourae environment
waieh is assumed to be the combinntion of Earth ana Lurur Enviroomerts,
e resulte of the Launen Eccape Model appear i the P ropulsion System
Camputer Block.

) Pertinent =lemerts of these wodels are connecsted to the Visual
Compater lntertaco wr.ore stellar, of~ultation and orientatiorn equationsg
ire soiven. Therse computations elcng with the euler angles relating
esch, visual nstrument ' the Tlight traj,cLéry are used to grnerate

the visual cdes in the Simalator,
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